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Abstract 

We show that if F is a totally real field in which p splits completely 
and / is a mod p Hilbert modular form with parallel weight 2 < k < p, 
which is ordinary at all primes dividing p and has tamely ramified Ga- 
lois representation at all primes dividing p, then there is a "companion 
form" of parallel weight k' := p + 1 — k. This work generalises results 
of Gross and Coleman- Voloch for modular forms over Q. 

1 Introduction 

Theorems on "companion forms" were proved by Gross ([Gro90]) under 
the assumption of some unchecked compatabilities, and then reproved by 
Coleman and Voloch ([CV92]) without such assumptions. We generalise the 
methods of Coleman and Voloch to totally real fields. 

If / E Sk{Ti{N);Fp){€) is a mod p cuspidal eigenform, where p \ N, 
there is a continuous, odd, semisimple Galois representation 

Pf : Gal(Q/Q) GL2(Fp) 

attached to /. A famous conjecture of Serre predicts that all continuous odd 
irreducible mod p representations should arise in this fashion. Furthermore, 
the "strong Serre conjecture" predicts a minimal weight kp and level Np, in 
the sense that p = pg for some eigenform g of weight kp and level Np (prime 
to p), and \i p = Pf for some eigenform / of weight k and level A'^ prime to 
p then Np\N and k > kp. The question as to whether all continuous odd 
irreducible mod p Galois representations are modular in this sense is still 
open, but the implication "weak Serre =^ strong Serre" is essentially known 
(aside from a few cases where p = 2). 

In solving the problem of weight optimisation it becomes necessary to 
consider the companion forms problem; that is, the question of when it can 
occur that we have f = Yl o.uQ"' of weight 2 < k < p with ap ^ 0, and an 
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cigcnform g = ^ b^q^ of weight k' = p+1 — k such that na„ = n^bn for all 
n. Serre conjectured that this can occur if and only if the representation pf 
is tamely ramified above p. This conjecture has been settled in most cases 
in the papers of Gross ([Gro90]) and Coleman- Voloch ([CV92]). 

We generalise these results to the case of parallel weight Hilbert modular 
forms over totally real fields F. We assume that p splits completely in F; the 
extension of our results to the general unramified case is work in progress. 
Our arguments are based on those of [CV92], with several non-trivial and 
crucial adjustments (see below). Our main theorem is the following: 

Theorem A. Let F he a totally real field in which an odd prime p splits 
completely. Let tt be a mod p Hilbert modular form of parallel weight 2 < 
k < p and level n, with n coprime to p. Suppose that vr is ordinary at all 
primes p\p, and that the mod p representation 'p^ : Gal(F/F) — > GL2(Fp) 
is irreducible and is tamely ramified at all primes p\p. Then there is a 
companion form vr' of parallel weight k' = p + 1 — k and level n satisfying 

Ptt' =P7^«'X^'"^• 
In the case F = Q, the mod p Galois representations associated to 
modular forms may be found in the ;j-adic Tate modules of the Jacobians 
of certain modular curves. For other totally real fields one must instead use 
the Jacquet-Langlands correspondence to realise them in the Tate modules 
of the Jacobians of Shimura curves associated to certain quaternion algebras 
(see [Car86b]). Although arguments on "level lowering" for mod p modular 
forms have been generalised to the totally real case by arguing on these 
Shimura curves (cf. [Jar99]), it does not seem to be possible to generalise 
the methods of [Gro90] or [CV92] to work on these curves, because they have 
no "modular" interpretation as PEL Shimura varieties. Indeed, it is not even 
clear that there is a natural "Hasse invariant" on the curves corresponding 
to quaternion algebras. We work instead on certain unitary curves defined 
over degree two CM extensions E of F, which are of PEL type. In order 
to base change the Hilbert modular forms to automorphic forms on these 
Shimura curves it is necessary to twist by certain grossencharacters of E; we 
then obtain companion forms on the Shimura curves before twisting back 
again. 

In order to apply the ideas of [CV92] it is necessary to have semistable 
models of the Shimura curves we use, and we construct these following 
[KM85]. The arguments in [CV92] depend crucially on the use of g-expansions, 
which are not available to us due to the lack of cusps on our Shimura curves. 
It has therefore been necessary to construct arguments that apply more gen- 
erally; we do this by systematic use of expansions at supersingular points. 

In section 2 we construct the semistable models of Shimura curves that 
we need. We work here in rather greater generality than wc require for 
the rest of the paper, assuming nothing about the ramification of p in F. 
Section 3 contains the necessary background material on automorphic forms 
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and base change. In section 4 we construct Hecke operators on Shimura 
curves and present our generalisations of the arguments of [CV92]. Finally, 
we present the proof of Theorem A in section 5. 

Where possible, our notation follows that of the original papers [Car86a] 
and [CV92]. One possible point of confusion is that the unitary groups we 
study are, loosely speaking, forms of Res^/Q GL2 x GLi. When we refer to 
"the" Galois representation attached to such an automorphic form, we mean 
the Galois representation attached to the GL2-part, rather than some twist 
of this by the character corresponding to the GLi-part. However, we will 
always ensure that the GLi-part of our forms is trivial at p, so the local 
representation at p will in any case be independent of any such twist. 

This paper is almost entirely the author's PhD thesis under the supervi- 
sion of Kevin Buzzard, and it is a pleasure to thank him both for suggesting 
the problem and for numerous helpful conversations. The proof of the com- 
binatorial result needed in Theorem 4.9 is based on an argument of Noam 
Elkies; any deficiencies in its exposition are due to me. It is a pleasure to 
thank Fred Diamond, Prazer Jarvis, and Richard Taylor for several helpful 
conversations over the past two years. 

2 Shimura Curves 

2.1 Notation for Shimura Curves 

Our notation follows that of [Car86a] . Let F be a totally real field of degree 
d > 1 over Q, and denote by ti, . . . ,tj the infinite places of F. Let p be a 
finite place of F, and let k be the residue field of F at p, with cardinality 
q and characteristic p, and write Op for the ring of integers of Fp, the com- 
pletion of F at p. Write also for F D Op and Op^ for the completion 
of the ring of integers of Fp'^, the maximal unramified extension of Fp. Fix 
once and for all an isomorphism C Qp; this isomorphism will be used 
implicitly in our discussion of automorphic forms. Let the primes of F above 
p be pi,p2, • • • ,pm) where pi = p. Let B he a quaternion algebra over F 
which splits at exactly one infinite place, say n, and suppose that B splits 
at p. We fix a maximal order Ob of S, and choose an isomorphism between 
Ob,v and A^2(Cd) at all finite places v of F where B splits. 

Define G = Kesp/Q(B^), a reductive group over Q. Then if K is a 
compact open subgroup of G(Aq ) we define the associated Shimura curve to 

be Mk(C) = G(Q)\ (g(A^) x (C - R)) /K. By work of Shimura Mk{C) 

has a canonical model Mk over F (see page 152 of [Car86a]). Let F be the 
restricted direct product of the {B F^)^ for all f 7^ p. li K = KpK''', with 
Kp C GL2(C')j) and C F, we write Mkp,kp for Mk, and we extend this 
notation in an obvious fashion in the below. Define the groups 
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Wn(p) 



d 



G GL2(Op] 



a b 
c d 



and write M„^ij for M^/^(^p■^^H. We also write Mq^h for AfeL^COp),//- Carayol 
([Car86a]) shows further that for H sufficiently small (depending on i) there 
are smooth models IVLi^H for the Mj^//(C) over Op. 
Define the group 



bal.U.ip) = ^) GGL2(Op) 



a-1 ep,d-l ep,cep 



We construct integral models for M.ijai,Ui{p),Hj via constructing integral mod- 
els for the associated unitary curves. It is these unitary curves that will be 
used in the main part of this paper. 

Carayol also defines T = Res^/Q(G,„), and for any compact open sub- 
group U C T(A^) the finite set Mu{C) = r(Q)\ (r(A^) x 7ro(r(R))) /U. 

This has a natural right action of Gal(Q/F), acting through Gal{F°'^ / F) via 
the inverse of the natural action of 7ro(r(Q)\r(AQ)) and the isomorphism 
given by local class field theory (normalised to take geometric Frobenius to 
a uniformiser) , which gives rise to a finite F-scheme together with an action 
of T(Aq). Similarly to the above, we define Up to be the subgroup of Op 
consisting of units congruent to 1 modulo p", and for V Q (A^'*^)* an open 
compact subgroup we put M.n,v = -Mu^xV, and define Ain = lim^^ Mn.v- 
Then, for example, Mq is isomorphic to Spec(F^''). 



2.2 Carayol's Work 

The curves Mk are not PEL Shimura curves, so in order to construct integral 
models Carayol instead works with the Shimura curves associated to certain 
unitary groups, and then uses results of Deligne to relate these to the original 
curves. 

Choose A < in Q so that K = Q(\/A) is split at p, and define E = 
-F(\/A). Fix a choice of square root of A in C, so that the embeddings 
Ti : F ^ H extend to embeddings Tj : £^ ^ C; we always consider E as a 
subfield of C via ri. Choose a square root of A in Qp, so that the morphism 
E — > Fp © Fp, X + yV\ ^ {x + y/i, x — yji) extends to an isomorphism 

E®(^p^Fp®Fp^{Fp^®---® FpJ © (Fp, © ■ • • © FpJ 

which gives an inclusion of E in Fp via 

E ^ E <^Clp ^ Fp<^ Fp ^ Fp ^ Fp. 
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Let z — > z denote conjugation in E with respect to F . Put D = B®fE and 
let I — > I be the product of the canonical involution of B with conjugation 
in E. Choose 6 G D such that 6 = 6 and define an involution on D by 
I* = S~HS. Choose a e E such that a = —a. Then if V denotes the 
underlying Q-vector space of D with left action of D,we have a symplectic 
form "^onV given by 

■^{V,w) =tTE/Q{atTD/E{v6w*)). 

Then ^' is a nondegenerate alternating form on V satisfying, for all! G -D, 

'^{lv,w) = ^{v,l*w). 

Let G' be the reductive algebraic group over Q such that for any Q-algebra 

R,G'{R) is the group of D-linear symplectic similitudes of {V®qR,"^0qR); 
alternatively, we may define G' as follows, as in section 2.1 of [Car86a]. Let 
Te = ResE/diGm)- Let S denote Resc/R(G^„), and let Ue be the subgroup 
of Te defined by the equation zz = 1. Then we can define G" = G Xz Te, 
and a morphism 

G" = GxzTe^TxUe 

by {g, z) H-^ {u{g)zz, z/z). Then if T' is the subtorus Gm x Ue of T x Ue, 
G' is the inverse image under v' of T'. This description has the advantage 
of furnishing us with an isomorphism 

G'iQp) = Q; X GL2(Fp) X {B Fp,y x ■ ■ ■ x {B F^J*, 

where the Q* factor is given by u{g)zz. 

Carayol ([Car86a], section 2.1) defines a morphism h' : S — > G^, such 

that the G'(R)-conjugacy class of h' may be identified with the complex 

h' 

upper half plane, and the composition S — > G'^ — > GL(yR.) defines a 
Hodge structure of type {(—1,0), (0, —1)} on Vr. We can (and do) choose 
6 so that * is a polarisation for this Hodge structure. 

Let Od be a maximal order of D, corresponding to a lattice Vz in V. 
The above decomposition of E Qp induces decompositions of Qp and 
Od ® Zp: 

Oo^Zp = Oj^i ©•••© Od^ e Or,2 ©•••© 

D®q,p = D\ ©•••© © Dl ©•••© Dl^ 

where each is an Fp^. -algebra isomorphic to B 0f Fp., and I /* inter- 
changes Dj and Z)|. In particular Dl and Df are isomorphic to M2(Fp). 
We can, and do, choose Od, ol and 6 so that the following conditions hold: 

1. Oi) is stable under I t-^ I*. 
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2. Each Ojjk is a maximal order in D^, and Df = M2(Fp) iden- 
tifies with M2(Op). 

3. takes integer values on Vz- 

4. ^ induces a perfect pairing on Vzp = Vz ® Zp. 
Then every Od ^ Zp-module A admits a decomposition as 

A = Ai e . . . e e a2 e . . . e 

with A^ an O^/t -module. The Cj)2 -module Af decomposes further as the 

direct sum of two Op-modules A^'^ and A^'^, the kernels of the idempotents 
( Q ) and ( 1 ) respectively. 

Let X' be the G'(R)-conjugacy class of h'; then for any open compact 
subgroup K' C G'(Aq) we have a Shimura curve over C 

M'j,,{C) = G'{Q)\ (G'(A^) X X') /K'. 

By work of Shimura this has a canonical smooth and proper model M]^, 
defined over E, which represents the functor 

M.K> '■ -E-algebras — > Sets 

where for any algebra R, M.k'{R) is the set of isomorphism classes of 
quadruples {A,i,X,ri), such that 

1. is an abelian scheme of relative dimension Ad over R, with an action 
L : D ^ End(A) ® Q of Z?. This action induces an action of E on 
Lie(^), and for each we let LieTi{A) = Lie(^) 0E,Ti C. Then we 
require that Lie^i = for alH > 1. 

2. A is a polarisation of A so that the Rosati involution sends to 

3. 77 is a class modulo K' of symplectic D-lincar similitudes 77 : V{A) — > 

Aq , where V = r®Q is the product of the Tate modules of A over 
all primes, with symplectic structure coming from the Weil pairings. 

Our choice of embedding of E into Fp allows us to base change this 
model to Fp, where we again denote it by M]^,. This again represents a 
moduli problem, and in fact Carayol constructs an integral model for M]^, 
by describing a moduli problem over Op which is represented by a smooth 
and proper scheme M^,, assuming that K' is small enough, and which 
satisfies M'^, ® Fp Mj^, . Using the above notation we now describe the 
moduli problem represented by ^, for H' C F' sufficiently small, where 

G'(A^) = Q;xGL2(Fp)xr', 
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so that r' = G'(A^°°) X (g)F FpJ* x---x{B^f FpJ*. In fact, M^^^, 
represents the functor 

Al^ ff, : Op-algcbras — >■ Sets 

where for any Op-algebra R, A^^ jj, (R) is the set of isomorphism classes of 
quintuples i, A, r/p, r/P) such that 

1. is an abelian scheme of relative dimension 4(i over R, with an action 
l:Od'-^ EndR(^) of Od such that 

(a) the projective i?-module Lie^'^(yl) has rank one, and Op acts on 
it via Op ^ R, 

(b) for j > 2, Lie^(A) = 0. 

2. A is a polarisation of A of degree prime to p such that the Rosati 
involution sends to 

3. rjp is an isomorphism of (C'p/p'^)-modules 

rjp : (Ap.)2'i ^ {p-yOpf. 

4. r}^ is a class of isomorphisms r]^ = ij^^tjP : T^{A)®ff{A) W^®W^ 
modulo H', with rjp linear and rf symplectic, where TP{A) is the 
product of the Tate modules away from p, Tp{A) = {Tp{A))2 © • • • 
{Tp{A))l, WP = Vz<^ ZP and = (Fzji © • • • © {VzX- 

We have a short exact sequence 

1 — >Gi — yG' ^T' — >1 

where Gi is the derived subgroup of G, and thus also of G' . Then for any 
compact open subgroup U' C T(Aq ) we define the finite set 

M'u'iC) = T'(Q)\ (r'(A^) X 7ro(r'(R))) /U'. 

This has a natural right action of Gal(Q/£^) defined via class field theory 
as before, and we have a model over E, denoted M.^,. For K' C G'(Aq) 
open and compact this yields an £^-morphism with geometrically connected 
fibres 

For H' sufficiently small so that Mq ^, exists, we see that there is a 
universal abelian variety A together with an action oi Od- Then for all n 
we have a locally free (Op /p'*) -scheme E'^ ^, defined by 
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In section 3.3 of [Car86a] Carayol notes the equality 

E'n,H' = [M'n,H' X {^V Op?]/ GU{0,/p'% 

we can also define a group L'^ over M^yi via 

Locally for the ctalc topology on Mq j^, we see that E'^ j^, is isomorphic 

to the constant (C'p/p")-module (Op/p")^, and ^, is the scheme over 

Mq jj, parameterising isomorphisms kp '■ E'^h' — (P~"/^p)^- Upon choosing 
a uniformiser p we have an isomorphism 

2 det p" 

/\(p-70p)2 ^ (p-^vp-) ^ (p-70p) 

Op 

which induces an isomorphism 

Op 

We denote the resulting alternating Op-bilinear pairing (the "Weil pairing" ) 

by 

These definitions are easily extended to Mq^,. Indeed, if A is the uni- 
versal abelian scheme over Mq ^, , we put 

^'n,H' = (Ap»)i'"^ . 

These fit together to give a divisible Op-module E'^. Let -M-'nyi be the nor- 
malisation of M.'^ yi in the ring of p-integers of E. Then ([Car86a], section 
8.3) there is a unique simultaneous extension of the groups L'^ y, to finite lo- 
cally free groups y, over At^ y, satisfying obvious compatablities, and a 

unique extension of M^, — > ■^'v'{k') * morphism M^, — > -^'i,'{K'y -'-^ 
section 9.1 of [Car86a] Carayol demonstrates that there is a unique extension 
of to an alternating Op-bilinear pairing 

At each geometric point x of Mq j^, k we have a local divisible Op- 
module E^l^. For every positive integer h there is a unique divisible formal 
Op-module E/j over R of height h (see [Car 86a], section 0.8). From the 
existence of an alternating pairing we conclude that E^|^ must be self-dual, 
and up to isomorphism either 
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(1) E'^|^-Six(Fp/Op),or 

(2) E'^|,-S2. 

As in the modular setting, we call x ordinary in the first case and su- 
persingular in the second. Prom section 9.4 of [Car86a] it follows that the 
set of supersingular points is finite and nonempty. 

For the purposes of our constructions (and in particular the modular 
interpretation of Hecke operators) it is more natural to work with the unitary 
curves; we will make use of results from [Jar99], which deals instead with 
the quaternionic curves, but it is easy to see that the arguments in question 
carry over unchanged from the quaternion algebra to the unitary setting. 

2.3 The 6a/.[/i(p)-Problem 

Definition 2.1. Let 5 be a scheme over Mq^:^,, where H' is sufficiently 
small for E'^^ ^, to exist. For a subscheme Q of E'^l^, let Iq be the ideal 
sheaf defining Q. If P is a section of E'j^|^ and /C a locally free sub-Cp/p- 

group scheme of E'^^j^, we say that P generates /C, and write /C = (P), if /C 
is the subscheme of E'^|^ defined by the ideal nAe(e'p/p) -^ap- 

Note that a generator in our sense is an "(Op/p)-generator" in the sense 
of [KM85]. 

Definition 2.2. A bal.Ui{p) -structure on 5, an Mq ^, -scheme, is an f.p.p.f. 

short exact sequence of Op-group schemes on S 

— ^ /C — ^ E'll^ — ^ /C' — ^ 

such that /C, /C' are both locally free of rank q, together with P G JC{S), 
P' G 1C'{S) such that /C = (P), /C' = (P'). 

Definition 2.3. Define the functor 

•^w.c/i(p),i?' ■ Sch/M[) j^, — > Sets, 

T ^ bal.Ui{p){T) := {6aLt/i(p) -structures on T}. 

Definition 2.4. Define the functor 

■Mbai.u^{p),H' •■ Sch/M'o^H' Sets, 
r I— s- {P a nowhere-zero section of E[\^,P' a nowhere-zero section of E[\rp / (P)}- 

Lemma 2.5. The functors M\al.Ui{p),H' and M'bai.Ui{p),H' agree on M'^ jj,- 
schemes. 

Proof. To give an M-'^^l Ui(p) ij'-structure is to give a section P which gen- 
erates a finite flat sub-Op-group scheme (P) of E'^^j .^ of rank q, together 
with a generating section P' of E[\^/{P). If S is a scheme over M^^,, 
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E'llg = E[\g which is etale over S. Thus locahy in the ctalc topology E'^l^ 
is non-canonicahy isomorphic to (Op/p)^, so that (P), {P') arc both isomor- 
phic to (Op/p), and thus P, P' are both nowhere zero sections kiUed by p. 
The converse is clear. □ 

Lemma 2.6. The F-scheme M'^^^ U'i_{p) H' represents the functor Ai'^^^^ Ui{p) w 

Proof. Let M'l fj, be the functor: 

M[^H' ■ Sch/M^^H' — ' Sets . 

T I— {pairs {P,Q) of sections of E[\^ over T which trivialise 

Then M'l jj, is represented by M[fj,. For any object S of {ScH/Mq ^j,) we 
have an action of GL2(Op/p) on M.[ hi{S) given by 

(P,Q)^(P,Q) " ^^^={aP + cQ,bP + dQ). 

Furthermore this action is clearly functorial, and the equivalence classes 
under the action of the subgroup 

bal.Uiip) = !^(^ " GGL2(Op/p)a-lGp,d-lGp,cep| 

give elements of A^^^^ ^^^p-j fj,{S) in the obvious way, so that we have a map 

of moduh problems M^ ^' ^ ^'bal.Ui{p),H'- 

Locally for the etale topology we may complete any 6aZ.i7i(p)-structure 
{P,P') (note that the pair {P,P') determines /C, K.') to a pair {P,Q) € 
Mi,HiS) trivialising E[\g, and so to a morphism S — > ^'ih' -^o if'" 
schemes. Thus to give a 6al.i7i(p) -structure on S is to give a section S — > 
M[ H'/bal.Ui{p) = M^^; j^^(p)^„ and M'^^ijj^^^^-^ ^' represented by the F- 
scheme M^„^ ^^^p^^^,. □ 

Lemma 2.7. The functor .M'l^ai Ui{p) H' ^"^ represented by the scheme M^^^ Ui{p) H' ■ 

Proof. By Lemma 7.5 of [Jar99] the functor A^^j^j-p-j is representable, so 
it suffices to prove that the moduli problem associating 6aLJ7i(p)-structures 
to C/i(p)-structures is relatively representable. The additional structure is 
the choice of a generator for E']^|^/(P), so the result follows by Proposition 
1.10.13 of [KM85]. □ 

Lemma 2.8. The scheme M|^^^ U'i_{p) H' regular of dimension two, and the 
projection map M|^^^ ^, — ^ Mq ^, is finite and flat. 
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Proof, (cf. [KM85] 5.1, [Jar99] Theorem 7.6). That the natural projection 
map M^^^ ;7i(p) H' ~^ ^0 H' finite is immediate from the finitcncss of 'E'^, 
and the observation that any point P is a generator for only finitely many 
/C. To see this, note that it suffices to prove this over an algebraically closed 
base field; but then the result follows from the proof of [Dri76], Proposition 
1.7, which gives an explicit description of E'^, and from an argument similar 
to the one on page 241 of [DR73]. We prove flatness and regularity via the 
homogeneity principle of [KM85] . Let U be the set of points x of Mq ^, 
such that for any lift y G M|^^^ ^, of x the local ring at y is regular and 
flat over the local ring at x. We prove that: 
(HI) U is open. 

(H2) Mfea; [/^(p) j:// is flnite etale over Mq^h', so in particular (as Mq^h' is 
regular of dimension two) U contains all of Mq^h' ■ 

(H3) If U contains an ordinary point of Mq ^, ® k then it contains all 
ordinary points of Mq ^, ® k. 

(H4) If U contains a supersingular point of Mq ® k then it contains 
all supersingular points of Mq jj, (g) n. 

(115) U contains a supersingular point of Mq ^, (8) k. 

It will then be immediate that U = Mq (because U is open and 
there are only finitely many supersingular points, (115) implies that U also 
contains an ordinary point, and hence all points by (H3) and (H4)), so the 
lemma will follow (two-dimensionality being clear, as Mq ^, is itself regular 
two-dimensional) ) . 

The projection M^^^ Ui{p) H' — ^ ■'^o H' finite so proper, so the com- 
plement of U is closed, being the union of the two closed sets in Mq ^, which 
are the images of the closed subsets of M'j^^^ Ui{p) H' which M|^^^ Ui{p) H' 
not regular or not flat over M.'qjj,. Thus (HI) is proved. 

Since M{ j^, is certainly flnite etale over Mq ^, , so too is M^^^ ^, , so 
(H2) is immediate. 

The proofs of (H3) and (H4) are identical to those in [Jar99] Theorem 
7.6, but we include them for completeness' sake. Let x be a closed point 
of M'q jj, ® K. If y is a closed point of ^'})ai.Ui(p),H' ly™S above x, then 
the map x — ^ ^m' v fi^t if ^nd only if the induced map 

0,//" bal.Ui{p),H'^^ 

C^^M' T — *■ O^^-Mi „ is flat, and Cm' h is regular if and 

only if O^m; ^ ^,,y is regular ([Gro67], IV 18.8.8 and 18.8.13). We are 

thus reduced, by the argument on p. 133 of [KM85], to considering the case 
where a; is a geometric point of the special fibre. 

Let (M'o,ij')(x) be the completion of the strict henselisation of Mq ^, at 
X. Then by [Car86al 6.6 E' , is the universal deformation of E' L , 

SO that the isomorphism class of the map O^^tui' „ — > O^'^ivr' ;/ 
depends only on the universal deformation of E^|^, which in turn depends 
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only on whether x is ordinary or supersingular, as required. 

It remains to prove (H5). Accordingly, let x be a supersingular point of 
the special fibre of Mq ^i. Let C denote the category of complete noetherian 
local C'p''-algebras with residue field R. By [Jar99] Theorem 4.5, the functor 

e — > Sets , 

R I— > {isomorphism classes of deformations of E'^|^}, 
is represented by Cp^[[t]]. 

Lemma 2.9. The set bal.Ui{p){x) contains precisely one element. 

Proof. The set bal.Ui{p){x) is the set of triples (/C, P, P') with /C a finite flat 
Op-subgroup scheme of E'^^j^, P € /C(k) a generator of /C, and P' a K-valued 
generator of K,' = E'^|^ //C. But E'^|^ is local (as we are in the supersingular 
case), so K, and /C' are both local, so P = P' = 0. This gives us a unique 
6aZ.C/i(p)-structure, as required (again, by the proof of Proposition 1.7 of 
[Dri76] S2 has a unique sub (Op/p)-module of rank q). □ 

Consequently, we see that the moduli problem of 6a/.C/i(p)-structures on 
■^ool(M' ,)( ) /^p^[W] represented by an affine scheme Spec(A) with A a 
local ring. By the argument of [KM85] Proposition 5.2.2 we need only show 
that the maximal ideal of A is generated by two elements, which we can 
do by mimicking the proof of [KM85] Theorem 5.3.2. In fact, the required 
argument is formally identical to that given in [KM85]; again, we can work 
with parameters X{P), X'{P') on the formal Op-module, and then apply 
Proposition 5.3.4 of [KM85] in the case = q. □ 

2.4 Canonical Balanced Structures 

Just as in the modular curve case, the existence of an alternating form on 
E']^ allows us to define canonical 6aLC/i(p)-structures. Firstly, we define 

Definition 2.10. A section P of v'*'L'^ jj\s., S an Mq j^,-scheme, is a gen- 
erator of u'*!,'^ jj,{S) if the subscheme of u'*L[ j^,{S) defined by the ideal 
U.xe{Op/p)^>^P is i^'*Li,ij'('S'). 

Theorem 2.11. The functor 

Sch/MQ fj, — > Sets , 

S I— > {generators of u'*'Li fj,{S)} 

is representable by an affine scheme ^'i h' ■ 

Proof. In fact, L'^^, is obviously a closed subscheme of the (finite, so) affine 
scheme f'*L'j^ □ 



12 



Definition 2.12. Given a 6aLC/i(p)-structure (/C, P, P') we define (P, P') := 
ei{P,Q) where Q is any lift of P' to E'^|^ (note that this is well defined 
because ei(P, P) = 1; note also that Q may in fact be defined over a finite 
fiat extension of S, but ei(P, Q) will still be defined over S by descent). 

We can now define canonical 6aLJ7i(p)-structures exactly as in [KM85] 
chapter 9: 

Definition 2.13. A bal.Ui{p)'^'^'"'-structure on S, an L'f j:^/ -scheme, is an 
f.p.p.f. short exact sequence of Op-group schemes on S 

— yjc — > e;|^ — >}c' — > 

such that /C, /C' arc both locally free of rank q, together with P G fC{S), 
P' G }C'{S) such that the L'^^z-structure on S provided by P is the canonical 
one (i.e. the one that S possesses as an L'^^:^/ -scheme). 

The obvious modifications of the proofs of Proposition 9.1.7 and Corol- 
laries 9.1.8-9.1.10 of [KM85] are also valid in our case. Thus 

Theorem 2.14. The functor 

Sch/lj'i jji — > Sets , 

S {6aZ.?7i(p)™" - structures on S} 

is represented by a scheme ^'imi',Ui{f)),H' regular and equidimensional of di- 
mension two. 

Proof Exactly as in Chapter 9 of [KM85]. □ 

Note that after a change of base to the tamely ramified extension of 
Fp determined by our choice of uniformiser p, the scheme iv'*L'j^ ^, is etale, 
corresponding in the usual fashion to /Op together with a Galois action. 
Indeed, from section 8.2 of [Car86a] we see that if Fp is the extension of Fp^ 
corresponding to (Op/p)* via class field theory, then u'*'L'^ j^, corresponds to 
p~^/Op, together with the action of Gal(Pp/P^'') given by the composition 

Gal(Pp/P;'-) Gal(P°/Pp"'-) - (Op/p)*. 
2.5 Igusa Curves 

Our study of the special fibre of M^^^^ Ui(p) H' ™^kes use of Igusa curves; these 
are defined in just the same way as in the modular case. If S is a Mq ^, ® re- 
scheme, then we have the absolute Frobenius morphism Pabs '■ S — > S, 
given by s 1-^ s'^ on affine rings. We also in the usual way obtain for any 
S'-schcmc Z a relative Frobenius P : Z — > Z^'^^ , where Z^'^-* is the pullback 
of Z via Pabs ■ S — > S. In particular, we have a map P : E'j^L — > E'^lL^'*- 
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Let (— )^ denote Cartier duality. Then we define the Verschiebung V : 
E'lls ^ — E'lls to be the dual of 

F:(E'4)^^(E;|J)W = (E;|(r))^. 

Definition 2.15. Let 5 be a Mq ^, K-scheme. Then an Igusa structure 
on 5 is a point P G E'^^j^'' (S) which generates the kernel of V : E'^l^-* — >■ 

Lemma 2.16. The moduli problem 

Ig : Sch/Mg fj, (g) K — ^ Sets , 

S 1—^ {Igusa structures on S} 

is representable by a finite flat Mq^^, (gi K-scheme Mj^^,, which is regular 
one-dimensional, of rank q — 1 over Mq ® 

Proof. Everything follows as in the proof of Theorem 6.1.1. of [KM85] (see 
sections 8 and 9 of [Jar99]), except for regularity, which follows from an 
obvious modification of the argument on page 363 of [KM85] . □ 

2.6 The Special Fibre 

Wc now analyse the special fibre of H' with the aid of the crossing 

theorem of [KM85], 13.1.3. We will show that ^'b^.Ui{p),H' 'Si n is the union 
of two smooth curves crossing transversally above the supersingular points 
of Mg fj, (g) K. As in the modular case, one of these curves is essentially a 
copy of Mq jj, (gi K, and corresponds to the generators of ker F, and the other 
is an Igusa curve, the scheme of generators of ker V. 

There is a unique morphism It'i^/ — > k. (this can be seen explicitly by 
consideration of the construction of tame extensions via adjoining roots of 
uniformisers) so the reduction mod p of the bal.Ui{py"'"' problem is given 

by 

Sch/Mo_ij/ (g K — > Sets 

S ^ {6aLi7i(p)-structures (/C,P,P') with {P,P') = 1}. 

The condition that the pairing be 1 is a closed condition, so this problem is 
representable, say by M^,^, ^^^p^.^^^^^^^,. 

We need to analyse the possible {bal.Ui{p);det = l)-structures on geo- 
metric points of Mq (gi K. From section 9 of [Jar99] we see that if x is 
supersingular the only possibility for IC is ker F, and if x is ordinary then /C 
is either ker F or ker V. Furthermore: 
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Lemma 2.17. Let S be a Mq^^, n-scheme. Let P he a generator of 

hsrV . Then the triple (kerl/, P, 0) is a {bal.Ui{p); det = l)-structure on 
S^'^^ and the triple (ker F, 0, P mod ker i^) is a {bal.Ui{p);det = l)-structure 
on S. Furthermore, these constructions define closed immersions Mjg ^, "-^ 

^M.U,{p);det=i,H' -^M;^^ ^^(pj.^^^^^^^, respectively. 

Proof. That these define 6aL?7i(p)-structures on S follows from the proof of 
[Jar99] Theorem 10.2. We need to check that (P, 0) = 1; but by definition 
(P,0) = ei(P,P) = 1, as required. 

Our claimed immersions are certainly Mq j^, K-maps between finite 
Mq ® K-schemes, so are finite and hence proper. We claim that they are 
injective on S-valued points for all Mq j^, ^-schemes; this is immediate, 
since we can clearly recover P from the image. But ([Gro67] 18.12.6) a 
proper monomorphism is a closed immersion, as required. □ 

Theorem 2.18. ^'bai Ui{p)-det=i H' *^ disjoint union with transverse 
crossings at the supersingular points of two smooth K-curves. 

Proof. This follows from an application of the Crossings Theorem ([KM85], 
Theorem 13.1.3) and the previous lemma; one of our curves is Mjg ^, and 

the other is M'j^jj, . The required argument is very similar to that in section 
9 of [Jar99]. That the crossings occur at the supersingular points is simply 
the statement that ker F = ker V precisely in the supersingular case. 

We claim that the completion of the strict henselisation of the local ring 
at the supersingular points is y]]/(xy), where as before x = X{P), 
y = X'{P'), from which it is immediate that the crossings at the singular 
points are transverse. 

Prom the crossings theorem it suffices to show that our two components 
are given by x = and y = respectively. But one component is given by 
P = 0, which occurs if and only if x = X{P) = 0, and similarly the other 
component is defined by y = 0, as required. □ 

In fact, we claim that the universal formal deformation at a supersingular 
point is given by Pp [[x, y]]/(xj/ — vr), where tt is a uniformiser for Pp. The 
proof of this again follows exactly as in the proof of theorem 5.3.2 of [KM85], 
which shows that the universal formal deformation is given by Pp [[x, y]]/(/) 
for some /, and that the maximal ideal of Pp [[x, y]] is generated by x, y and 
/; the additional information that the strict henselisation of the local ring 
mod p is k[[x, y]]/(xy) gives the required result. 



15 



3 Automorphic Forms 



3.1 Definitions 

We say that tt is a Hilbert modular form of weight k > 2 if for each t : F ^ 
R the representation tTt is the (A; — l)-st lowest discrete series representation 
of GL2(R) with central character a a^~^ (note that we are only working 
with parallel weight modular forms). We will also say that tToo is of weight 
k when this condition holds. 

Fix an isomorphism C, and let "reduction modulo p" mean 

reduction modulo the maximal ideal of Oq . 

Definition 3.1. A mod p Hilbert modular form is an equivalence class of 
Hilbert modular forms, where two forms vr, tt' are equivalent if they have 
the same mod p Galois representations (sec below); equivalently, if for all 
finite places v \ p of F at which tt^ and 7r(, are unramified principal series, 
say TTy = 7r(^i, -02)) 7r(, = 7r{tp'i,ip'2), we have an equality 

{V'i(Frobt,),^/;2(Frobi,)} = {V^UFrob^,), i/;2(Frob^,)} mod p. 

Let n be an ideal of 0_f , and let U i (n) denote the subgroup of Y\ GL2 {O f,v ) 
consisting of elements ( ^ d) with c G n and (a — 1) G n. Then (by the theory 
of the conductor) for any Hilbert modular form tt there exists some n for 
which tt'^i^") / 0, and we say that vr has level n. Note that a modular form 
has infinitely many levels, all divisible by the minimal level, the product of 
the local conductors of tt. We say that a mod p form has weight k and level 
n if some form in the equivalence class defining it does. 

We have, as usual, a notion of a Hilbert modular form being ordinary 
at pi] if TTp; is unramified with Satake parameters a, /3, then we let ap. = 
q^/^(a + /3). Then ap^ is the eigenvalue at pi of the classical Hilbert modular 
form corresponding to tt, and we say that tt is ordinary if Cp. 7^ mod p for 
all pi\p. There is an obvious notion of an ordinary mod p form; wc simply 
demand that it is the reduction mod p of a form which is ordinary at p. 
Then: 

Lemma 3.2. An ordinary mod p Hilbert modular form of level n prime to 
p is an ordinary mod p form of weight 2 and level np. 

Proof. This is an easy application of Hida theory, and in fact follows at once 
from Theorem 3 of [Wil88]. □ 

Let TT be a Hilbert modular form, and let M be the field of definition of 

IT (that is, the fixed field of the automorphisms a of C satisfying an = tt). 
It is known that M is cither a totally real or a CM number field, and that 
for each prime p of Q and embedding X : M ^ there is a continuous 
irreducible representation 

p^,x ■■ Gal(F/F) ^ GL2(Ma) 
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determined (thanks to the Cebotarev density theorem and the Brauer- 
Nesbitt theorem) by the following property: if t; f p is a place of F such 
that TTy is unramified then P7r,AlGai(F„/F„) unramified with Frob„ having 
minimal polynomial 

- tyX + {Nv)s^ 

where ty is the eigenvalue of the Hecke operator 

(where vu^ is a uniformiser of Opy) on tt^^^C^Pv) and Sy is the eigenvalue of 
the operator 

As usual, by the compactness of Gal(F/F) we may conjugate p-^^x to a repre- 
sentation valued in GL2(C'Af.A), and then reduce modulo the maximal ideal 
of Om,x to get a continuous representation to GL2{Fp). The semisimplifi- 
cation of this representation is well-defined, and we denote it by p. 

In particular, the above discussion shows that there is a continuous mod 
p Galois representation J)^ canonically associated to any mod p Hilbert mod- 
ular form TT, determined as above by the characteristic polynomials of Frobe- 
nius. 

Let TT be a weight 2 level np Hilbert modular form, corresponding to our 

initial weight k level n mod p Hilbert modular form. In order to apply the 
level lowering results below, we need to assume that it is not the case that 
[F{(p) : F] = 2 and P7rlGai(F/F(Cp)) reducible; in the case that this does 
not hold it is easy to construct the companion form "by hand", so from 
now on we ignore this case until we treat it in the proof of Theorem A. At 
various places in our arguments on Shimura curves we will need to assume 
that the level is sufficiently large (equivalently, the compact open subgroup 
of G'(Aq) corresponding to the level structure is sufficiently small). This 
may be accomplished via a trick originally due to Diamond and Taylor; 
namely, we choose a prime q f n^j such that there are no congruences between 
forms of level Ui{n) and q-new forms of level dividing Ui{n) n Ul{q), where 
Ul{q) is the subgroup of YIGL2{Of,v) consisting of elements ("^) with 
c,a — l,d — 1 G q. We then work throughout with an auxiliary ?7j^(q)-lcvcl 
structure, which we can remove at the end due to the lack of congruences. 
There are infinitely many such primes q; see the remark following Lemma 
12.2 of [Jar 99] for a proof of this. 

If d is even, we assume that there is a finite place z \ p oi F such that vr^ 
is not principal series. Fortunately, this does not entail a loss of generality. 
By Theorem 1 of [Tay89] there is a finite place z \np where is unramified, 
Np/q{z) = —1 mod p, and a Hilbert modular form tt of the same weight as 
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vr and level Ui{n) n Uz (where Uz is the subgroup of Y[ GL2(C>F,t,) consisting 
of elements ^) with z\c) such that vr^ is unramified special and — Ptt- 
We can then work throughout with n in place of tt, and remove the auxiliary 
level z structure at the end thanks to Theorem A of [Fuj99]. 

We now show how to construct a holomorphic differential corresponding 
to TT on a unitary Shimura curve. We choose a quadratic imaginary extension 
K/Q as in section 2.2, but in addition to requiring it to split p, we require 
that it splits all primes l\n, and that it is disjoint from the extension of 
F given by the kernel of the Galois representation (this last condition 
ensures that the base change of tt to is cuspidal; see Theorem 3.4 below). 
We also require that all ramified places of F and B split in E. 

Definition 3.3. If tt is an automorphic cuspidal representation of GL2(Ai?), 
and n is an automorphic representation of GL2(Ae), then 11 is a base change 
lift of TT, denoted BCe/f{'^)j if for every place v of F, and every w\v, the 
Langlands parameter attached to 11^, equals the restriction to We^. of the 
Langlands parameter : Wp^ — >■ GL2(C) of tt^. In particular, if v splits in 
E then 11^ = tt^,. 

Theorem 3.4. 1. Every cuspidal representation tt of GL2(Ai?) has a 
unique base change lift to GL2(A£;); the lift is itself cuspidal unless 

TT is monomial of the form tt ^Ind|^^ 9^ . 

2. If TT, tt' have the same base change lift to GL2(A£;) then tt' = tt (8) a; 
for some character u o/ F^iV^/p(A^)\A^. 

3. A cuspidal representation U o/GL2(Ae) equals BCe/f{'^) for some 
IT if and only ifU is invariant under the action of Gal{E/F). 

Proof. [LanSO]. □ 

Let 1TE = BCe/f{t^)- Let B denote the indefinite quaternion algebra 
over F which if d is odd is ramified only at T2,---,Td, and which if d is 
even is ramified precisely at r2, . . . , and some z\np with tt^ not principal 
series. 

We now, as in [BR89], twist tte by a character ry so that r}®{r]oc) = x^^o 
Ne/Fi where c denotes the nontrivial element of Gal{E/F) (the existence of 
such characters is easily deduced from the arguments in the proof of Lemma 
VI. 2. 10 of [HTOl]). Then if ^ denotes the contragredient representation we 
have 

{tte ^riY oc = [tte o ^{rjo 
^ TT^ ® (r? o c)"^ 
= (tts^X"^)® (7?oc)-i 

= TTB (8 iXn^ O Ne/f) ®{riO C)-^ 
= TTE^V- 
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Now, (x7r)oo = 1) SO we may suppose that rj is trivial at the archimcdean 
places. Furthermore, we choose 77 so that rjp. is trivial at all pi\p, where we 
identify each pj with the place of E given by our fixed choice of a place of 
K dividing p. 

Then by the Jacquet-Langlands theorem (Theorem 3.5) there is a unique 
irreducible automorphic representation IT of Aq)^ (where D = B®E) 
such that JL(n) = tte ® f]- Furthermore (cf. page 199 of [HTOl]) the 
condition that {tie ® r]Y o c = tte ^ V gives H* = 11. 

Now from Theorem VI.2.9 and Lemma VI.2.10 of [HTOl] we see that 
there is a character ip of A^/K^ and an automorphic representation vri of 
G'(Aq) such that BC{Tri) = (V',n) and [tp) 00 is trivial. Furthermore, from 
Theorem 3.6 below we see that (vri)^ / 0, where K' is defined as follows: 
K'l = G'{Zi) for all I f np. For ^|n wc have an isomorphism G'{Qi) = Q* x 
nt|iGL2(Fr),andweputK; = ZixYli^ {{^d) G GL2(Oi) : c,d - 1 = mod 
Finally, = Zp x Y[pi\p^'^^-^i{Pi)- We will sometimes denote the away- 
from-p part of the level by H' . 



3.2 Base Change 

We now recall various results on automorphic forms due to, amongst others, 
Jacquet, Langlands, Clozel and Kottwitz. A convenient reference for these 
results is [HTOl], where they are all stated in far greater generality; the 
reader should note, however, that many of the results quoted have simpler 
proofs in our special cases than those in [HTOl]. 

Theorem 3.5. (Jacquet-Langlands) If p is an irreducible automorphic rep- 
resentation of {D (8) Aq)^ then there is a unique automorphic representa- 
tion JL{p) of GL2{Ae) which occurs in the discrete spectrum and for which 
JL(p)^^^^ = p^^^\ where S{D) is the set of places at which D ramifies. 
The image of JL is the set of irreducible automorphic representations it of 
GL2{Ae) which are special or supercuspidal at all places in S{D). 

Proof [JL70]. □ 

Let TT be an irreducible automorphic representation of G'(Aq), and let 
X be a place of Q which splits in K. Then as in section 2.2 we have an 
isomorphism Q^, — > Ey as an i?-algebra, and an identification G'{Qx) = 
By X Q^. Accordingly, we have a decomposition tTx — > iTy V'7r,y'=) where 
c denotes complex conjugation. Let BC{'Kx) be the representation 

-Ky (g) -Kyc (g) ('07r,2/= O c) (g) (V'7r,2/ O c) 

of 

G'{E,) - B^ X E^ 

^ B^ X B'^c X E^ X E'^c. 
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There is also, in [HTOl] a definition of BC{'Kx) for all but finitely many 
places of Q which are inert in E. We will not need this definition, except to 
note that by our choice of E there is in fact a definition for all inert places, 
and that the base change of an unramified representation is unramified (this 
follows easily from the discussion on page 199 of [HTOl]). 

Theorem 3.6. Suppose that tt is an irreducible automorphic representation 
of G'(Aq) such that tToo has weight 2. Then there is a unique irreducible 
automorphic representation BC{n) = (ipjU) of x (D(8) Aq)^ such that 

1. = V'Trl'ix • 

2. If X is a place of Q then BC{'k)x = BC{tTx)- 

3. IIoo has weight 2. 

4- V'hIa^ = V'^'/V'- 

5. n* ^ n, where U*{g) = U{g-*). 
Proof. Immediate from Theorem VI. 2.1 of [HTOl]. □ 

3.3 Galois representations 

We recall a version of Matsushima's formula (see page 8 of [HTOl] and page 
420 of [Car86b]). For z = 0, 1, 2 we have 

where the sum is over irreducible admissible representations vr of G'(Aq) 
with TToo of weight 2, and R^{n) is a certain finite dimensional continuous 
representation of Gal{E/E). 

Define a virtual representation 

i=0 

It can be shown that 

[i?(7r)] / 

(see the remarks after Theorem 1 in [Kot92]). In the cases of interest to us, 

R^{7r) = -R^(vr) = 0; in fact we have 

Theorem 3.7. Let it be an irreducible admissible representation o/G'(Aq) 
over Qp with tToo of weight 2, and suppose that BC(7r) = (V'jII) ujith JL(n) 
cuspidal. Then i?°(7r) =R'^{Tr)=0. 

Proof. This is a special case of Corollary VI. 2. 7 of [HTOl]. □ 
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Let m^r denote the multiplicity of vr in the space of automorphic forms 
on G'(Q)\G'(Aq) transforming by '^jr under the centre of G'(Aq). Then 

Lemma 3.8. dim[i?(7r)] = 2m.,^ = 2. 

Proof. The first equality follows at once from Theorem 1.3.1 of [HarOO] and 
the remarks after Theorem 1 in [Kot92]. The statement that ttTtt = 1 may 
be found on page 132 of [CL99]. □ 

Thus under the assvimption that BC{ti) = {ip^Ti) with JL(n) cuspidal, 
we have attached a continuous 2-dimcnsional p-adic representation i?^(vr) to 
TT (note that we have implicitly used the theory of the conductor for ?7(1, 1) 
developed in section 5 of [LR04]). 

By continuity I^iTT) is defined over a finite extension Kj^ of Qp, and 
(from the compactness of GaX{E /E)) there is a Gal(-E/£')-stable lattice L in 
-R^(7r). Denote the semisimplification of the representation L/rriK^L (where 
rriK^ is the maximal ideal of Ok^) by p^. It is not a priori obvious that is 
independent of the choice of L, but this follows from Theorem 3.9 below; by 
the Cebotarev density theorem and the Brauer-Nesbitt theorem (recalling 
that p > 2) is determined by the knowledge of tr(p^(Froby)) for all but 
finitely many y lying above primes which split in K. 

Before stating Theorem 3.9 it is convenient to recall the connection be- 
tween holomorphic differentials on M'j^, and the first etale cohomology of 
M'j^,. We have the Hodge-theoretic decomposition 



H°(M]^, (g) C, n]^,^^) e H°(M]^, ® C, J^M^J ^ H^(M^, (g) C, C) 



from which a standard argument shows that an automophic form tt as above 
corresponds to a unique differential lo-,^ on Mj^,, which is an eigenvector for 
the Hecke operators Ti. Specifically, this correspondence is determined by 
the requirement that at all places I of at which tti is unramified principal 
series and at which we have defined T^, the eigenvalue of T[ acting on lo-j^ is 
N[^^/^ multiplied by the sum of the Satake parameters of ttj (see for example 
§1.5 of [HT02]). Then we have 

Theorem 3.9. Suppose that K' = U\{n), y\np is a prime of E lying over 
a place of Q which splits in K, and TVy is unramified principal series. If 
Tyi^n = a?/t^7r o-i^d SyLO.,r = hyUT^ then 



tr(p,(Prob^)) 



and 



det(^,(Prob^)) = 
where ip-,^ is the central character o/tt. 



by/ip^iFrohy), 
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Proof. This is immediate from Corollary VII. 1.10 of [HTOl]. □ 

Corollary 3.10. If cof is a differential on ^'b^2ui{p),H' "which is an eigen- 
vector for the operators T[ with eigenvalues ai, then there is a continuous 
representation 

Pf : Gal(E/E) ^ GL2(Fp) 

such that for all but finitely many I lying over primes of Q which split in K 
we have 

tr(p/(Prob[)) = a[. 

Proof. By the usual Deligne-Serre minimal prime lemma (Lemma 6.11 of 
[DS74]) there is a differential whose Hecke eigenvalues lift those of w/; 
then the required representation is obtained by twisting the definition of "p^ 
by □ 



4 Construction of Companion Forms 
4.1 Hecke operators 

The results of this section are valid for the general case where p unramified. 
We define Hcckc operators on M'j^, in the familiar way (namely as double 
cosets). We then give a modular interpretation of these operators, which 
allows us to extend their definitions to the integral models. Indeed, let [ 
be a prime of F lying over the prime / 7^ p of Q, and suppose that B is 
split at \. Suppose also that I splits in Q(\/A). Then if [1 = [, [2, . . . , [fc are 
the primes of F above /, we have G'(Q/) (^1 x GL2(-F[) x G'L2{F[^) x 
• • • X GL2(Fi^). Suppose now that K' is of the form K'^, and that = 

Til X 11^=1 GL2(C'F,ij). Let voi be an element of Aq which is a uniformiser 
at [ and 1 everywhere else; then we define 



K'[^^ \\k' 



In order to compute the action of T\ we express it as the ratio of two other 
Hecke operators Xi and Yi; define Xi = [K'xiK'] and Y[ = [K'yiK'] where 
with obvious notation we have 



xi = (r 

and 



-1/1 \ f^i,' \ /^r; \\ 



and we have Ti = X[Y[ ^. 
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In the usual way we have induced correspondences X[ and Y[ on Mj^/. 
In section 7.5 of [Car86a] Carayol computes the action of G'(Aq) on the 
inverse limit M' = Wrn^x' ^'k' ' which allows us to compute X{ and Y[ on 
M'?!j5'r r, i„\ TTi . In the usual way we have an induced action on J7i^,can /^i 

and Carayol's results allow us to explicate this as 

io\X^{A,i,\r]p,r]^,P,Q) i-^ {{4)A,<pi,(l)X,(j)r]p,(l)r]p,(j)P,4>Q)) , 

where the sum is over a certain set of N[ + 1 isogenies of degree l'^ (we do 
not need to know the precise details of these isogenies). Similarly, the action 
of Yi is via a single isogeny of degree l'^. 



4.2 Igusa curves 

We now extend the Hecke action to an action on meromorphic functions on 
Igusa curves, and relate this action to the action on differentials on Shimura 
curves defined above. The required notation was introduced in Chapter 2. 
Let IT : A' Mq j^, be the universal abelian variety. The ^, -module 

'^*^A.'/M' is an (8) Zp-module, and we put 

Since Lie^'^(AQ j^,) is locally free of rank one we see that uja^r is locally 
free of rank one. Similarly (or by pullback from loj^i /^/^ using the universal 
property of tt : A' — >^ Mq ^, ) we have a locally free sheaf of rank one 
a;(A')v /M'^ ^, ■ Then we have 

Theorem 4.1. The Kodaira-Spencer map gives a canonical isomorphism 

Proof. This is Proposition 4.1 of [Kas04]. □ 

We have a morphism irjg : M^^ j^, Mq j^, k oi degree {p — 1) which 
is etale over the ordinary locus and totally ramified over the supersingular 
locus (the former follows from a computation of the local rings, and the 
latter from the uniqueness of Igusa structures at supersingular points) . Let 
ss denote the divisor of supersingular points on M^^^:^,, and let s be the 
degree of this divisor. 

Proposition 4.2. 2s = (p — l)degrij^, , . 
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Proof. By flatness we have degQl., , = 2(g — 1), where g is the genus of 

any geometric fibre of Mq ^/Op, so it suffices to prove that s = {p — l){g — 
1). We do this by computing the genus gQ of M'(7p(-p-) in two ways. In 
characteristic zero the Riemann-Hurwitz formula gives go = {p+l){g—l) + l, 
whereas on the special fibre we have = 2^ + s — 1, from the description 
of the special fibre of M'^^^j.^^ ^, in section 10 of [Jar99] (or rather from the 
obvious modification of the argument of [Jar99] to our case). Equating these 
expressions gives the result. □ 

Put uj'^ := TTjgiujj^i /Mj^ ^, <8) k) and uj~ := TT}g{uj(^j^iy /m^^ ^, k). 

Proposition 4.3. lo~^ and uj~ have degree s, and there is a natural isomor- 
phism ^l^, = a;+ (g) a;~((p — 2)(ss)). 

ig,n' 

Proof. The degree of the polarisation associated to A' is prime to p, so it 
is etale, and thus induces a (non-canonical) isomorphism co'^ , so 

dego;"*" = dego;". Then 

2. = (p-l)degOj^,^^/^ 

= 2(p - 1) deg(a;A'/M^ ^, ® «) 

so that 

dega;M;^ ^, = deg(7r/<;) deg(u;A7M; ^, ® i^) 
= (jp-l) deg(a;A'/M; ^, ® i^) 
= s. 

Then by the Riemann-Hurwitz formula we have 

Ig,H' ^ 0,H' 

= T^*Igii'^A'/M[^^^, {'^(A'y /M'^^^, 't))((P " 2)ss) 

^w+(g)w"((p-2)ss). 

□ 

Wc now define sections a"*" of uj~^ and a~ of uj~; a"*" a~ will play the 
role of a "Hassc invariant" . Given the data of an abelian variety with polar- 
isation and level structure (tt : A ^ 5, i, A, r]p,r]p), where S is an Fp-scheme, 
together with an Igusa structure P G ker(F|^CT), we need to construct an 
element of R^{A,n\^g). 

By Cartier duality, P gives a map (f>p : ker(F|^) Gm- The standard 
invariant differential dX/X on Gm pulls back to an invariant differential 
(f)*p{dX/X) on ker(F|A)- Because S is an Fp-scheme, the restriction map 

(invariant 1-forms on A/S) — > (invariant 1-forms on ker(F|/i)) 
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is an isomorphism, so there is a unique invariant differential on A whose 
restriction to kcr(F|^) is (l>*p{dX/X). 

Thus we have an clement of H^(^, = ii-^{S, 71:^0,^^^), so an element 

of H°(5, {Tr^n\^g)l'^). Applying this with S = M'jg jj, and A = A'/S (the 
universal abelian variety defined above) gives the required section a+ of a;"*". 
The section a" of u" is defined in the same way. 

Proposition 4.4. a"*" has simple zeroes at the supersingular points, and is 
nonzero on the ordinary locus. 

Proof. If A/H is supersingular, then the only Igusa structure P G ker(F|A) is 
P = 0, so 0p = and we see that a+ vanishes at every supersingular point. 

On the other hand if A/'R. is ordinary then we obviously obtain a nonzero 
element of H*'(5', (vr^r^^^^)^'^), so a+ cannot be identically zero. Since the 
degree of uj^ is s, the number of supersingular points, a"*" can only have 
simple zeroes at the supersingular points, and is nonzero elsewhere. □ 

We define a Hecke action on u}~^ ® uj~ by demanding that it commutes 
with the Kodaira-Spencer isomorphism and the action on differentials de- 
fined above. 

Proposition 4.5. If u ® u' is a local section a;"^ ® lo~ , then 

( {u ® iy')Xi) {A,t,X,r)p,r]p,P) = ^Yl ^^U(A,.,A,r,p ,rj, ,P) ® 4>* ^' U(A,.,A,^p ,ri, ,P) 

where the sum is over the same isogenics used in the explication of Xi above, 
and a similar result holds for Yj. 

Proof. We use the following description of the Kodaira-Spencer map: for 
an abelian scheme, there is a short exact sequence 

^ ^ illAA/S) ^ (J^\v/5)^ ^ 0, 

and a cup-product pairing 

If /S is a S-scheme for some scheme S, we also have the Gauss-Manin con- 
nection 

V:RUA/S)-^}i\j,{A/S)^nl/^ 
(see section III. 9 of [FC90]). This gives a map 

{v <Si w) 1-^ {v, Vw). 
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Thus under the Kodaira-Spencer isomorphism the image of 

(l^*'^\<t>{A,L,X,rip,rj^,P) <^ (l}*t^'\<l>{A,t,X,Vp,ri,,P) 

is the differential 

Id ^i^*^\HA,t,\,Vp ,% ,P) ' ^'\<t>{A,i,\,r)^ ,rj^ ,P)) • 

Now, by the naturahty of the Gauss-Manin connection we see that if (f) : 
A ^ A' is an isogeny and v' is an invariant differential on A', then Va^*'^' = 
(f>*'VA'v' in H^^. Also, if v is an invariant differential on A, the fact that the 
adjoint of A with respect to the cup product pairing on de Rham cohomology 
is (j)^ , satisfying (j)^ o (p = deg (/>, gives 

{^*v,ct>*Vv')jj, = deg^{v,Vv')jR. 

Every isogeny we sum over has degree Z*^, so we obtain (with obvious sup- 
pression of additional structures) 

■^'^{4>*v\4>{A),^^*^'\4>{A)) = ^{t^U{A),^v'\^^a)) 

□ 

We now examine two ways of moving between meromorphic functions 
and meromorphic differentials on the Igusa curve. The first is the map d : 
f ^ df, and the second is multiplication by a"*" (g) a~ followed by application 
of the Kodaira-Spencer isomorphism. 

We define a Hecke action on meromorphic functions on M^^ ^, by 

(X[/)(Ai,A,?7p,?7p,P) = ^^rf{HAi,>^,Vp,rip,P)), 



and similarly for Y[. 

Theorem 4.6. = l'^d{Xif), and Yi{df) = l'^d{Yif), so that Ti{df) = 

dm/). 

Proof. We have 

Mx,f) = l^^^d ||x;<^7('/'(A^,A,r/p,r?p,P)) 

= ^0*(d/)(</.(A^A,77p,r/p,P)) 
= X^{df). 

The result for Y{ follows similarly. □ 
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Theorem 4.7. X[((a+ O a")/) = (a+ a-)X[/ ond Yi{{a+ (g) a")/) = 
(a+ (g) a-)Y[/, so i/iai T[((a+ (g) a")/) = (a+ (g a-)T[/. 

Proof. We compute 

X[((a+ ® a-)/) = i ^ </>*((a+ ® a-)/)(<^(^, A, ?7p, TJp, P)) 

</■ 

(with obvious suppression of additional structures other than the Igusa 
structure) , and similarly for Y[. It is thus sufficient to prove that for all isoge- 
nics (?!) : {A,P) (A',Q) wehave(/>*(a+|(^/^Q)) = a+\^A,P) and (/)*(a-|(^,_Q)) = 
^~\{A,P)- We prove the former, the proof of the latter being formally iden- 
tical. We have maps Vp : ker(F|yi) — >■ Gm, "ipQ '■ ker(F|^/) — > G^, and 
«^|ker(FU) = iJ*pidX/X), a+|ker(FU,) = i^qidX/X). Since a+U is deter- 
mined by ci''"|ker(F|A)' suffices to check that (f)o jpQ = i/jp, which is obvi- 
ous. □ 

We now examine an analogue of Atkin-Lehner's U operator. Define, in 
the same fashion as Ti, an operator 



Up = 



on M^,, where Wp is a finite adele which is a uniformiser of Op at p and 
1 everywhere else. This acts as a correspondence on M'l^i[jj^(^p)^Hh and 
by the functoriality of Neron models we get an induced cndomorphism of 
Pic^{^'b^,Ui{p),H' ® ^)) and in particular of Fic^(M'jg jj,). This action is 
not, however, given by a correspondence. Let Prob be the Probenius corre- 
spondence on jj,, with dual Ver. Then we have 

Theorem 4.8. Up = Ver on 

Proof. The proof is very similar to that of the corresponding result in the 
classical case, for which see theorem 5.3 of [Wil80] or page 255 of [MW84]. 

One expresses Up as a ratio of two Hecke operators which act via isoge- 
nics, and computes on the ordinary locus. □ 



4.3 Computations of cohomology classes 

Suppose now that k > 3. Recall that we have associated an automorphic 
form TTi on G'(Aq) to our Hilbert modular form vr, together with a Galois 
representation 'pj^. We write e' for the prime-to-p part of the central character 

of TTl. 
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We now associate a regular differential (cf. section 8 of [Gro90]) Uf on 
M^, to VTi, as in section 3.3. Write ap for the eigenvalue of C/p on uj. Let 
loa denote the differential on M^^ ^, corresponding to a"*" a~ under the 
Kodaira-Spencer isomorphism. We have an obvious action of (Op/p)* on 
Mj^ if' 5 which we denote by (•), so that {a)ujf = a^~'^ujf = ujf, where 
k' := p+\ — k. From the definitions of and a~ we see that {a)a^ = a~^a~^ 
and {a)a~ = a~^a~, so {a)u)A = a~'^ujA- 

Let f be a local parameter at a fixed supersingular point y on M^^ j^, 
such that {a)v = a~^v, so we may expand 



av 



u;A=[j:cn{vy^-^-'^]^ 

\n=l y 

(oo 
n=0 

Define an operator M on meromorphic differentials on M^^ ^, by 

Mu := d 



V 

dv 

V 



UJA 



Then we have 
Theorem 4.9. ^^^^ = 

L^A Cl 



'^(a,(v)v-P^' + au>{v)v-^' + ...) 



Proof. Firstly, we note that C2{v) = 0. This follows because, by Theorem 
4.8, we have 



oo \ , 

av 

[V)V- ' ' \ =LOA 

\.n=l / 



= UpUJA 
\n=0 



It is easy to see that the leading term of the right hand side of the proposed 
equality is correct, and this reduces us to computing M'^ ujf. If we use the 
relation ■^{v'^g) = v^^, we can turn the problem into one in characteristic 
zero; if we define formal power series 

.'A=(f:c.ivy--y^ 



\n=0 
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with C2{v) = and an operation M' on differentials by 



then it is enough to check that 

We can easily convert our problem into one about power series, rather than 
differentials; define 




vCi{v 

say, with Di{v) = 0, and 



n=0 



Then if we define an operator A on power series by Ag = vD-^g, it is not 
hard to see that it suffices to prove that the power series D-^A'^'Df has no 
terms in v"^, . . . , v^~'^ . Then it suffices to prove that A^ has no terms in 
v~^, . . . , if j < k'. We claim that wc can write v = cw + 0(1) so that 
Af = df/dw; this is equivalent to dw/dv = l/{vD), and the integrability of 
l/{vD) follows from its lack of a term in v~^. Then as = 0{w^), we see 
that the k'-ih. derivative of with respect to w is of the form constant + 
0{w~^ +1) (where the constant is zero unless j = k'), as required. □ 

Corollary 4.10. W^'cof = [-^^ak^i^^^'"' + • ■ ■) 

Proof. This is immediate □ 

This result, showing that M^' ujf has a pole of low degree, allows us to 
associate a certain cohomology class to ujf. Let ss denote the divisor 
of supersingular points in M'^^ and let U = M^^ h'\^^' denote 
the generic point of M^^ ^, . 

Proposition 4.11. The complex of groups 

Cm' , (^) ^iv/r' /jrP®(^M' ,n/^M' , ss 

Ig,H' ' ' Ig,H'' P 
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where the first arrow takes h to {dh,h), and the second arrow takes a pair 
{uj,g) to uj — dg, computes the de Rham cohomology o/Mj^j^, with log poles 
on ss. 

Proof. [CV92], §2. □ 

Now, M^' ojf has poles of order at most k' + \= p + 2 — k<p— Ion 
ss, by Corollary 4.10, so there is a section h of Om' ((p ~ l)ss)ss such 

that M'^ LOf — dh has at worst simple poles on ss. Such an h is well defined 
modulo Om^ h"''*' have a well-defined cohomology class [M^ '^f] ^ 

H^(M'j- (log ss)). Furthermore, since k ^2 Corollary 4.10 shows 

l9,H' 

that M LOf has zero residues, so in fact [M^'ujf] e Hi(M' ). 

I3,H' 

Coleman has shown that there is an isomorphism between (M/o h'i ^m' 

and the quotient of the space of meromorphic differentials on Mj^ ^, with 
no residues and poles of order at most p on M^^ by the space of exact 
differentials dg, where ^ is a meromorphic function on M^^ with poles of 
order at most (p — 1) (for a statement, see page 499 of [Gro90]; the proof is 
a straightforward exercise in Cech cohomology). Thus if [M^ wj] = there 
is a meromorphic function h on M^^ with poles only at the supersingular 

points, of order at most {p — 1), satisfying dh = M^' ujf. Furthermore, re- 
placing h by an element of the vector space spanned by (/i, C/p/i, . . . ), we see 
that there is a meromorphic function h with poles of order at most {p — 2) 
on Mj^ satisfying Uph = bph for some bp. 

Lemma 4.12. Tih = aih. 

Proof. We have dh = M'^'uf, so M{hujA) = M'^'uf. Thus by Theorem 4.6 
we have have 



MiTiihuA)) = Ti{M{hoJA)) 

rk' 



= Ti{M^'u:f 



= W (Tfo;/) 
= aiM{hu;A) 

so M(Ti{hujA) — aihujA) = 0, and T((/ill'^) — aihujA = g^i^A for some g. But 
the equation T[/i — aih = g^ immediately implies that 5 = unless k = p, 
upon comparison of leading terms. If k = p, then we use the fact that 
T[h — a\h is an eigenform for Up, with eigenvalue hp. Then hpgi^ = Upg^ = g, 
which again gives g = 0. □ 

From Corollary 4.10 we have 

{a)h = a^^'h. 
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Then the holomorphic differential u)fi = LOAh satisfies 



T[Ojfr = a{Ufi 

\a)ujfi = a u 



for some 6p. 

Thus we have: 



Theorem 4.13. // [M^'uf] = 0, then th ere is an ordinary "companion 
form" LOfi. The representation pj-, attached to Uf is isomorphic to pj. 

Proof. We have everything except for the assertion that pf/ = pf, and the 
claim that bp ^ 0. The first follows at once from the Cebotarev density 
theorem and the fact that T[u:fi = aiUf. To prove that bp ^ 0, note simply 
that if 6p = then cof = M*^ ~^^f, which is nonsense (from a comparison 
of leading terms) . □ 

We must now show that if 'pf is unramified at p, then [M'^'ujf] = 0. 

Theorem 4.14. (j-i ProbfM'^'a;/] = ^[M'^'uf]. 

Proof. The proof of this is similar to the proof of Theorem 5.1 of [CV92] 
(note however that our proof works for all 3 < A; < p, and may be used to 
replace the appeal to rigid analysis in [CV92]). 

By Corollary 4.10, [M*^ Uf] is represented by the cocycle 

Since M'^'ujf = d{M^'~^ujf /ua), this class is also represented by 

Then if is the Frobenius endomorphism of M^^ Frob[iVf'^ uif\ is 

represented by 

We thus need to demonstrate the equality 

The equality UpUJf = apUj yields ay{v) = apaQ{v'^) and thus aki{if) = 
apao(f'^ )• A straightforward computation shows that on the supersingular 
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locus we have the equahty a ^ = (p) • (— l)p, where (p) is the Hecke operator 
(op) (~^)p Siven by 

(-l)p : (A^A,77p,^p,P,(5) HH- A,?7p,?7p,-P,-Q). 

We thus have (oj/)'^ ^ = —e(p)c<j/, from which we obtain ao(f'^^)(t''^^ |(p)~^( — l)p"^)'^' 
~-^(^o{v)v^ . Combining these results, we have 



a 



k' 



and the result follows from Lemma 4.15. □ 



Lemma 4.15. (^ ^.^|^p^-i^_i^-i J (y) = ciK)/ci(^;). 

Proof. This may be proved in exactly the same fashion as Lemma 5.3 of 
[CV92], except that rather than working with the canonical elliptic curve 
over Fp2 one works with the canonical formal Op-module defined over F^2, 
for which see Proposition L7 of [Dri76]. □ 

Definition 4.16. As in Corollary 3.10, let ujf be a regular differential on 

■'^'f)a°(7i(p),//' which is an eigenform for the Hecke operators T[, Up, and (a), 
with eigenvalues lifting those of wj. We also write ijOp for the corresponding 
differential on M.'I^'^Ijj^^^^^ h' ■ 

Definition 4.17. Define a Hecke operator Wp on ^"bal,Ui{p),H' by (-?po)- 
This gives a Hecke operator Wp on M|^^^ c/f (p) H' descent. 

Theorem 4.18. Let X' he the suhscheme of M^^^ c/f (p) H' obtained by re- 
moving the closed suhscheme ^'ig jj) ■ Then {uJF\UpWp)\x' is divisible byir'^ , 
so that there is a cohomology class [{ujF\UpWp)\x' /t^^'] on M^^^, . Then 

[{coF\UpWp)\x'/n''] = -u'M[M''uf], 

for some unit u. 

Proof. Recall that the completed local ring of ^"h^iUi{^) H' ^ supcrsin- 
gular point is Opo[[v,w]\/{vw — tt), where M^^J^,-* is given hy w = 0. Thus 
on X' the function vu is invertible, and we have v = tt/w. An easy check 
shows that on the super singular locus we have 'u;p = cr • (p), whence we have 
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iLOF\UpWp)\x' = (^e{p)ak'{w){w'' f + . . ^ mod p 

= \ue{p)ak'{v) ^ + . . . ) — mod p, 

where we have used the identity c\{v)~^ = uv{v'^\wp{p)~^), which may again 
be proved in exactly the same fashion as Lemma 5.3 of [CV92], except that 
rather than working with the canonical elliptic curve over Fp2 one works with 
the canonical formal Op-module defined over Fg2 , for which see Proposition 
1.7 of [Dri76]. 

So {uJF\UpWp)\x' is divisible by tx^ , and comparing this with Corollary 
4.10 we see that the claim follows. 

□ 



4.4 Pairings 

We now recall from [CV92] the relationship between the Kodaira-Spencer 
and Serre-Tate pairings, and a formula relating the Kodaira-Spencer pair- 
ing on a semi-stable curve to the cup product of certain (log-) cohomology 
classes. 

Let i? be a complete local ring with residue field F of characteristic p, 
and let T4^(F) denote the ring of Witt vectors of F. Let G be a p-divisible 
group over R with dual G^, and let ^Iq, ^^g^ denote the invariant one-forms 
on G/R, G"^ /R respectively. Then (see Corollary 4.8.iii of [11185]) there is a 
pairing, functorial for morphisms of p-divisible groups over R, 

K -.Qg® f^GV ^R/W(F)- 

Let G, G^ denote the special fibres of G, G^ respectively. We have the 
Serre-Tate pairing (see [KatSl]) 

q : TpG X TpG^ ^1 + ruR, 

where Tp denotes the p-adic Tate module, and rriR is the maximal ideal of 
R. We can view an element a G TpG as a homomorphism from G^ to G^n^ 
and we define uja = a*{dt/t) G ^^g^- If ol^ G TpG'^ we define lj^v G in 
the same fashion. For a G R*, let dlog(a) = dji/\y(^ja/a G ^ij/vK(F)' t^^n 
we have 

Theorem 4.19. Suppose that G is an ordinary p-divisible group over R 
(that is, suppose that the dual of the connected subgroup of G is etale). 
Then for any a G TpG, G TpG"^ , we have 

dlogq{a,a^) = K{LOa'^ iSnOa)- 
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Proof. This is Theorem 1.1 of [CV92]. □ 

Let S = F[t]/{t^+^) with < b < p. Let denote the log-scheme 
associated to the pre-log structure N — > 5, 1 i— i. Let Ms denote the corre- 
sponding monoid, with an element T mapping to t. Let F (slightly abusively) 
denote F with the trivial log-structure; it follows easily that f^^x/p is a free 
S'-module generated by dlogT. 

Let s : X ^ Spec(i?) be a semi-stable curve over S (that is, X is locally 
isomorphic to xy = t in the etale topology), and suppose that there is a 
lifting X of X to a semi-stable curve over S, where 5 is a discrete valuation 
ring with S mod p = S and the generic fibre of X is smooth over the generic 
point of S (this will, of course, hold in our applications to PEL Shimura 
curves). We have natural log-structures on X and S given by the subsheaf 
of the structure sheaf whose sections become invertible upon removal of the 
special fibre. Let X^ he the reduction of this log-scheme to S; X^ is smooth 
over S^. 

We have an exact sequence of sheaves (see Proposition 3.12 of [Kat89]) 

> S ^ i^jf X y'F ^ /S^ ^ ^" 

Let Kod : H°(X, Q^^/^x) ^ H1(X,s*^^5x/f) = il^{X,Ox)(^^sx /p denote 
the boundary map in the corresponding long exact sequence of cohomology. 
When X is smooth over S there is a natural isomorphism ^x^/S^ — ^ 
and Kod is the composition of the usual Kodaira-Spencer map and the 
natural map R^{X, Ox) O ^l/p ^ H1(X, Ox) ^^x/f- 

Suppose that the reduction of X mod t is X = Ci U C2 with Ci, C2 
smooth irreducible curves. Let D = Ci D C2, Ui = X — C2, U2 = X — Ci. 
Let d denote the boundary map for the complex ^x^/s^ " "^^^^ '^^ have: 

Theorem 4.20. Suppose u is in the image of the natural map from H°(X, n]^^^) 
to H°(X, Jl^xy^x ) that to\u2 = t^f] for 77 G J7^y^(i72)- Then 

r7:=77|c. GH0(C2,O^^/p((6 + l)I))). 
In particular, we obtain a cohomology class 

[^]GHi(C72,J^^^/F(logD)) 

in the same fashion as in Section 4-3. If u is in the image of ll^{X,Q,^^g) 
in H°(X, J7^x/5x ) and vlui G i^^^^x/^x (^1); then 

V ■ Kod{u) = ([z/lc^], [r]\c2])cM''dlogT, 
where (, )c2 is the usual cup product pairing. 

Proof. This is Theorem 3.1 of [CV92]. □ 
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4.5 The local Galois Representation at p 

In this section we examine the local Galois representation on the Jacobian of 

^'baLUi{p),H'- We write J := Jac(M'^^°^^(p)_^,)> T C EndQ(J) generated by 
the Up, T(, Si for [ unramified and not in the level, and the operators (a). Let 
m be a maximal ideal of T above the (minimal prime) ideal corresponding to 
Uf. T is free of finite rank over Z, so the ring Tp = lim T/p"T = T Zp is 
a complete semilocal Zp-algebra of finite rank. The ring = limT/m^T 
is complete and local, and by the theory of complete semilocal rings T^^ is a 
direct factor of Tp, so we have an idempotent decomposition of the identity 

Tp = T,^ X T^ 

1 = Cm + em'- 

Let h = rkzp(TTO)- Let G be the p-divisible group over E defined by TpG = 
^mTpJ- 

Theorem 4.21. 1. The p-divisible group G has height 2h and is isomor- 
phic to over Enp, where Enp is the ray class field of conductor np. 
It has good reduction over Fp, where Fp is the tame extension of Fp of 
degree q — 1 corresponding to our choice of uniformiser p. 

2. Let G be the reduction of G over Opi /mo ,Op' = Fp, and D{G) be 

its Dieudonne module. Then G = G x G , where G is multiplica- 
tive and G^ is etale, and and G^ both have height h over Fp. 
The endomorphisms F, V commute with the action of T^, F acts on 
D{G ) by multiplication by the unit Up ■ {p}"^ of T^, and V acts by 
multiplication by the unit Up ofT^. 

3. The exact sequence O^G^^G^G'^^0 of p-divisible groups over 
F^ gives a Gal(Fp/Fp) -stable filtration TpG^ TpG TpG'' 

0. Gal{Fp/Fp) acts on TpG^ by the character \{Up^) ■ x> where x is 
the cyclotomic character and A(-) is the unramified character sending 
Frobp to •, and on TpG^ by the character X{Up ■ (p)~^) • X?~^ ■ Thus 
there is a short exact sequence G^[m] G[vc\\ — > G^[m] — > over 
Qp, with flat extensions to Op[a\, where ^^[m] does not necessarily 
denote the full m-torsion in G^, but rather the cokernel of the map 
G^[m] G[m]. The Galois group Gal(Fp/Fp) acts on G^[m] via the 
character X{1 / Op) ■ X o-nd on G'^[m] via the character \{ap / e' [p)) ■ x^^^ . 

Proof. 1. The height of G is equal to the dimension of VpG = TpG(SiQp as 
a Qp-vector space. But by Lemma 3.8 VpG is a free T^ <S) Qp-module 
of rank 2, so the height G is 2h. 

That G is isomorphic to G"^ over E„p follows from the existence of a 
nondegenerate alternating form (, ) : TpG x TpG — TpGm satisfying 
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where (T[ is a Frobcnius element at [. The existence of such a form can 
either be deduced as in §11 of [Gro90] by modifying the Weil pairing 
on J by an Atkin-Lehner involution, or by (somewhat perversely) de- 
ducing its existence from Theorem 3.9. Then if [ is trivial in the ray 
class group mod np we have (a'^', 6*^') = N[(a, 6); but such ay are dense 
in Gsl{E/Enp), so G is isomorphic to over E-^^. 

The proof that G has good reduction over is very similar to the 
argument in the proof of Proposition 12.9.1 in [Gro90]. Let A be the 
connected subgroup of points P in J with X^ag^o^)* = 0, and 
B the connected subgroup of points fixed by the action of the group 
{(a) : a G (Op)*}. The isogeny 

(t):J^AxB 

has degree prime to p, and thus induces an isomorphism on p-divisible 
groups, because the composite with the natural injection AxB ^ J is 

just J J. Because k ^ 2, the p-divisible group of G is a subgroup 
of the p-divisible group of ^4, so it suffices to prove that A has good 
reduction over Fp. This follows from the arguments of [DR73] 1.3.7 
and V.3.2. 

2. This follows from knowledge of the action of Up on the components 
^'ig,H' and M'lg J) of the special fibre M'^^i^^^^y^^^^^ jj,. As in 
Proposition 12.9.2 of [Gro90] we have 

G ^ lim Jac(M^g_^,)K] x Jac(M^^^'^^'^)[m'"]. 

We claim that in fact we have G^ = hm^ Jac(Mj^^^, ) [m"] and G^ = 

lim^ Jac(M^^g'^^'^)[m^]. Indeed, Up is a unit in Tj^, and acts as Ver 
on Mj^ ^, (note that this Ver is the dual of the p-power Frobenius), 
whence Jac(M'^^ ^,)[m"] is multiplicative (by the standard theory of 
Dieudonne modules) . Similarly, one can check that Up acts as Frob • (p) 

on jji , so Jac(Mj^ ^/)[m"] is etale. That both subgroups have 
height h follows from the self-duality of G over E^. 

3. The filtration TpG^ TpG TpG" ^ is stable under the 
action of Gal(Pp/Fp), which acts (by the above) via the characters 
^{Up^) ■ X on TpG^ and \{Up) on TpG^. These characters arc noncon- 
jugate, so the filtration is in fact stable under the action of Gal(-Fp/Fp). 
To determine this action it suffices to compute the action of Gal(Fp/Fp); 
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but this may be accomplished just as in [Gro90]. It is easy to check 
that Gal(Fp/Fp) acts trivially on Mj^ ^, and by (a) on My^ so by 
^ required. The existence of the short exact sequence 

^ G°[m] ^ G[m] ^ G^[m] ^ 

follows at once, and the action of Gal(Fp/Fp) comes from the obser- 
vation that it acts semisimply by the results of [BLR91]. 

□ 

Corollary 4.22. Let W be the two-dimensional vector space underlying the 
representation 'pf. Then there is a short exact sequence of Gal(Fp/Fp)- 
modules Q-^V^W^V'^{). The group Gal(Fp/Fp) acts on V by 

the character x'^~^A(e'(p)/ap) and on V' by the unramified character X(ap). 
Equivalently, there is a basis for W such that Gal(Fp/Fp) acts via the upper 
triangular matrices 

Proof. This is immediate. □ 

Definition 4.23. Let L be the field of definition of the representation : 
GL2{E/E) — > GL2(Fp) i.e. the smallest field L/Fp such that pf factors 
through GL2{L). 

We have a realisation of pf (g) {e'x''^^)"^ on G[m]. The L-vector space 
scheme G[m] sits in a short exact sequence over Fp 

of L- vector space schemes, with G^[m] and G^[m] both onc-dimensional. 

By their definitions, the L- vector space schemes in (*) all have canonical 
extensions to Opi. In order to determine when is tamely ramified, we 
will determine when (★) splits; in fact: 

Lemma 4.24. The following are equivalent: 

• The sequence of L-vector space schemes in (*) is uniquely split over 

• The sequence of L-vector space schemes over Opi which extends (*) is 
uniquely split over Opi . 

• The restriction of'pf to Gal(Fp/Fp) is diagonalisable, and the sum of 
distinct characters x^~^X{e'{p)/ap) and A(ap). 
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Proof. The equivalence of (1) and (3) is immediate. The extension Fp/Fp 
has degree prime to p, so (1) is equivalent to the splitting of (★) over Fp, 
which is obviously implied by (2). To establish that (1) implies (2), we may 
base change to an etale extension R of degree prime to p of Opi , and check 
that a splitting of (★) over the quotient field S of R implies a splitting over 
R. _ 

Choose R so that A(l/ap), A(ap/e'(p)) arc trivial on Ga^Fp/S*). Then, 
as in the proof of Proposition 13.2 of [Gro90], the L- vector space scheme 
G^[m] is isomorphic to the etale vector space scheme L = L®{7i/p7i) with 
trivial Galois action over R, and G''[m] is isomorphic to the Cartier dual 
L* = (X> /v,p over i?, where = Hom(L, Z/pZ). But we have a Kummer- 
theoretic canonical isomorphism of L-vcctor spaces 

ExtR(L, ^ Hp) ^ R*/R*P L"^ 

where Ext^ classifies extensions in the category of L- vector space schemes. 

Thus the sequence (★) over R gives a class in R* / R*^ ® which is zero 
if and only if {-k) splits; but R* / R*^ injects into S* / S*^ ® L^, so a splitting 
over S implies one over R. □ 

Now let R denote the completion of the ring of integers in the maximal 
unramified extension of Opi . We now define a bilinear pairing 

qf ■ {B^Y{L) X B^iL) ^ {R*/R*P) (g) 

where B := G[m\ (e' (g) x'^"^), just as in §6 of [CV92]. An element of 
(B^Y{L) X B^{L) corresponds to a pair of homomorphisms a : G^[m\ — ^ 

/ip and /3 : L ^ G"^ [m] , which give (via push-out and pull-back) a homo- 
morphism : ExtR(G^[m], G^H) ExtR(L, L^^/ip) ^ R*/R*p®L'^, 
and the required element of R* jR*''^ is the image of the extension class 
of G[m\ under a*/?*. 

We have a map tr^ : Fp given hy ^(1)) and a map dlog : R* — > 

^/J/z Si'^^n by a da/ a, and thus a pairing dlogqj := (dlog (g) tr^) o : 
{Br{L)xB-{L)^Q],^^^. 

Lemma 4.25. If'Pf is tamely ramified at p, then the pairing dlogqf is 
trivial. 

Proof. It suffices to show that qf is trivial; but as noted above g/ is trivial 
if and only if {*) splits if and only if P/lGai(Fp/Fp) diagonalisable if and 
only if pf is tamely ramified above p. □ 

Since the p-divisible group B is ordinary, we have (see §4.4) the Serre- 
Tate pairing 

q:TBx TB* ^ 1 + ttR 
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and thus a pairing 



d\ogq:TBx TB^ ^^r/o- 



which extends by scalars to a pairing 

dlogg : (r5(Fp) ®z, R) x (T5*(Fp) ®z, i?) ^ ^R/o^r. 

Let denote the subgroup on which {O/p)* acts via (a) = CC''. Then we 
have: 

Theorem 4.26. If a G TB{-k')®R, (3 G TB\k')®R, and w^Im; ^, = 
(where Ua = a*{dt/t)), then 

dlogq{a,f3) = \ (iw;ujp)\M'jg^H', [^^'^f]),,, ^"''^dir + ... 
where u is as in Theorem 4- IS. 

Proof. This is very similar to Theorem 4.4 of [CV92]. Prom Theorem 4.18 

we have [{u;f\UpWp)\x' /'^'^'] = "^M^l-^*^'"^/]) iOa\Up = UpUa mod tt, so 
the result follows from Theorem 4.9. □ 

The Serre-Tate pairing q : B\p\(F^) x B^\p](F^) R*/R*p is related to 
qf as follows: 

Lemma 4.27. Suppose that a € B\p](Fp) and {3 G -B(Fp). Then 

(1 (g) tr^)g/(Q; mod m, (3) = q{a, (3) mod R*^. 
Proof. This follows from the definitions of qf, q. □ 
We have a map 

Let /?/ be the element of B^{Qp) (g)Fp Fp corresponding to Uf via this map. 
Then 

Proposition 4.28. [M'^'ujf] = if and only if dlogqf{a, (3f) = for all 
a G (B'riQp) Fp. 

Proof. By Theorem 4.26 we have dlog (/j(a, /3j) = for all a G {B^T{Qp)®Fp 
Fp if and only if (ry, [M'^'c^/Dm; ^, = for aU r] G H0(M' ^,,0]^, )' 

But by Theorem 4.14 [M'^'cj/] is in the unit root subspacc of H,^|^(Mj^ ^,/Fp), 
which has trivial intersection with the space of global differentials, which is a 
maximal isotropic subspace for the pairing (, )]y[^ . So if (ry, [M*^ '^/])m^ ^, = 

for r/ G H°(M^^_^,, J)]^, ^ ) then [M'^'loj] = 0. The converse is 

clear. □ 
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5 The Main Theorem 



5.1 Proof of the main result 

From Theorem 4.13, Lemma 4.25 and Proposition 4.28 we see that we have 
constructed a companion form Uf as a differential. Note that LOf has char- 
acter (of (Op/p)^)) LOp'' at p, and 'p^, = p^. Furthermore, it has character 
Up/' at pi for pj 7^ p, because the diamond operators at pj act trivially on a 
and thus on lOj^. We now reverse the process that associated to f to it, associ- 
ating a mod p Hilbert modular form vr' to a;//. Firstly, by the Deligne-Serre 
lemma there is a characteristic zero differential upi whose Hecke eigenvalues 
lift those of LOf. This differential corresponds to an automorphic form 7r2 
on G"(Aq) such that ip'^ is of weight 2, where BC{tt2) = (V^'^n')- Put 
TT^ = JL(n'). Note that tt^ = (tt^)^ o c; if now rj' is a character such that 
Tl'^h' = Xt^'j,, we have 

= vr^ X-} ri'" 

so there exists tt' on GL2(Ai;') such that BCe/f{t^') = t^'e'^v' ■ Again, (?7')oo 
is trivial, and we choose r]' so that 'q'p is trivial. We wish to check that tt' is 
ordinary at all primes dividing p; this follows from 

Theorem 5.1. Let 11 6e a weight two Hilbert modular form of level np and 

character e (a strict ray class character of conductor np), and suppose it has 
character Up. at pi, with < j < p — 2. Let the slope of H be the p-adic 
valuation of the eigenvalue Op^ of Up^ on 11. Then: 



IfU. has slope 0, then PnUp^ — \ q 



i+i 



//n has slope 1, then Pnl/p 



up^ * 
< 



LfH has slope in the interval(0,l), then Pnl-fp — ^2^'^ (B 0:2^^'^''^ where 
002 is a fundamental character of niveau 2 associated to pj . 

Proof. The proof is very similar to that of Proposition 6.17 of [Sav04]. In 
fact, the proof, being purely local (and recall that we are in the case where p 
is totally split in F) , is identical once one has a generalisation of the results 
of [Sai97] to the Hilbert case, for which see Theorem 1 of [Sai03] □ 

We now repeat the above arguments at all other primes of F dividing p, 
until wc obtain a weight 2 level np Hilbert modular form tt' with character 

Wp. at all pi\p, with P-^'\q^i(e/E) - P7rlGal(E/S)- 

This does not, of course, guarantee that we have p^/ = p^. However: 
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Theorem 5.2. There exists a weight 2 level np Hilbert modular form tt' with 
character uj^j^ at all pi\p such that the representation 'p^i : Gal(F/F) — ^ 
GL2(Fp) satisfies J)^, = p^. 

Proof. Suppose not. For any imaginary quadratic extension K/Q as above, 
and CM extension E = FK of F, we can construct a tt^ as above, satisfying 

'P7^'k\g^\(e/e) - 'Pf\G-^\(E/Ey Since there are only finitely many mod p weight 
2 level np Hilbert modular forms, there arc only a finite number of "can- 
didate" automorphic forms VTj. For each VTj there must (by the Cebotarev 
density theorem and our assumption that there is no such tt' with p^^' — Ptt) 
be infinitely many places at which tTj is unramified principal series with the 
"wrong" characters mod p. In particular, we may choose such a place Vi for 
each TTj; then choosing K/Q to split at the places of Q lying below all of the 
Vi gives a contradiction. □ 

Theorem (Theorem A). Let F he a totally real field in which an odd prime 
p splits completely. Letir be a mod p Hilbert modular form of parallel weight 
2 < k < p and level n, with n coprime to p. Suppose that tt is ordinary at all 

primes p\p, and that the mod p representation J)^ : Ga\{F/F) GL2(Fp) 
is irreducible and is tamely ramified at all primes p|p. Then there is a 
companion form tt' of parallel weight k' = p + 1 — k and level n satisfying 

Proof. Firstly, we deal with the case where [-F(Cp) ■ F] = 2 and p^l^^^^^p^^^^^^^ 
is reducible. In this case we can directly construct a companion form, in 
a similar fashion to [Wie04]. Since P7rlGai(F/F(Cp)) reducible, p is induced 
from a character ip on Gal{F/F{(p)). As in Lemma 2 of [Wie04] we take the 
Teichmuller lift : Gal(F/F(Cp)) ^ O^^^^,, so that p := Ind^^JjJ/^j^^^^ 
is an odd (as p > 2) lift of /?, corresponding to a modular form of weight 1. 
By hypothesis p|Gal(Fp/Fp) direct sum of two characters, one of which 

is unramified; but then it is easy to see that jp'^ must be unramified, which 
yields k — 1 = p — 1 or k — 1 = {p — 1) /2. In the first case, the weight one 
form is unramified principal series at p, and is thus the required companion 
form; and in the second case we twist with the quadratic character whose 
restriction to Gal(F/F{(p)) is trivial, and then use Hida theory to move to 
the required companion form in weight {p + l)/2. 

In the general case, we must prove that the mod p, level np weight 2 
modular form it' constructed in Theorem 5.2 is also of weight k' and level 
n. But again, it follows from the Hida theory in [Wil88] that we have an 
ordinary form of weight k' and level np, and it remains to check that this 
form cannot be new at any pi\p. This is, however, easy; as the character at 
pi is unramified (because we are in weight k'), VTp, would have to be special, 
which immediately contradicts the fact that it is ordinary, provided that 
k' ^2; but in this case we may use Theorem 6.2 of [Jar04]. □ 
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